
Chapter 7.2 parts 1 & 2



7.2 Basic properties of groups .

Notation : instead of a * b we write at

Th 7.5 Let G be a group

C) identity element in G is unique ( only its existence is required
in the definition)

e E G ea = ae -- a

(2) if ab -- ene then b -- e

Ga -- ca b -- C

(3) The inverse for every
element / justifies the

notation a-
'

for the inverse of a
is unique

da -
-
ad -
- e

Reef lee does not mean b-e=oX b -- e weans that ee and c deuoute
GE: e the same element of the group

Cor 7.6

us cab)
''
= 6-

'

a
"

(2) (a-'5's a

PI cab)
-'

is the unique inverse of ab



Thus if G-
'

a-
'

is an inverse to ab , then b-
'
a-
'

is the (unique) inverse
for ab

meaning b-
'

a-
'

= Cab)
' '

It is thus sufficient to show that G-
'

aY@eof.e & Geo) (b
- '

a-
') - e

Indeed : @
"

ay@e) = b-
'

a-
'

ab = b-
'

Ca
- '

a) b -- b
- '

e b -

- lo
- '

Lee ) -- lit -- e
.

Usual notation with integral powers
a
"

-

- a
. . . .

a a-! (a-i )
"

ao= e f a - an
element of the group

- in - an integer
u times

That Usual sales apply : I analogy
with ring theory

amah = awtn Laugh = atte"

Remark sometimes one uses t (addition) for group operation .
Ex % 2.3=-51 2+3=5 / p 1585 - table of

correspondences between
multiplicative and
additive notations



Take aEG
, group .

Consider a
,
a? a? . . .

E G -- 2 a=3

It may happen that the sequence is periodic :
3. 6.9.12 . . . .

ate a. a? a? . .

ah 's e
.
. -/ Ks a - a t

Def ther of an element as e y
1"59,4 . --

is the smallest positive integer k such that 7,1303 a -- 2 .

ah
= e

2
,

4
,

3
, ! , 2,4 .

-

Tf ah-
-
e never happens then we say that e

a has an infinite order

TL 7.8 Ci) If aEG has an infinite order ,
then ah for here are all distinct

(2) If there exist i. je E such that i#j and ate at

them a Las finite order .

Remark If a e- G is of infinite order, then G is infinite .
An infinite group way fave

elements of finite order

Taxi 112*2 -t the order of -l is 2 i -I # I -- e Gi)? I = e



Ita i the order of in is 4

-

Th7.9 G - a group
AEG an element of order n

e.) If ate ,

then ul k

(2) If ai - at , then i -=j Cmodu)

(3) If u -- td with d> I
,

then at 'has order of

PI as Euclid 's banana k
-

- uqtr
Wanted : 8=0

V 2 hOE
-

ake

angt! e Ca at -
- e implies ake implies

.

(2) - simple
Cz) (atjd = atd=au=e
Is d the smallest positive integer with this property ?
Let k Lace Cat)h=e

the property:



ath = e

from US : ultk tdltk implies Ilk implies disk
- yes

,

d is the smallest with this property.
-

Prop (Eoxer 3.la) Iet G be a group , a. LEG .

Assume that ab -- Ga
.

Then cab>
'a''b'

= e
.

PI Casta"" = ab ab . . -

ab = a

latte! stalk! fatal )
'm

@a)
'al

-

tailed
=
e' b ' e'at = e

Prop (Eoxer 33) Let G be a group a. GE G

Assume that ab -- Ga

Assume (lat ,181) =/ .
Then last -- tall81

PI cab>
↳"b'

= e by the previous proposition

Th7. sci) implies that tael flatlet



The Fundamental Thur of Arithmetic allows us to write

label = inn with what
,
4181

reunion

-681(m
,
n) = I

cab) = e

Cae>
Wh

-
- e take it to the power koku :

(caesura)
'%

= e

inlet
(ab) = e

awed fueled , e ble! e implies bulb! 'F-e

awk' = e
Th -7.94) implies that tallwheel
Since (Cal

,
1811=1

,
we conclude that tall in
=

We have hellaI

lay,.eu G implies a- lat
Similarly , are derive h -- teal

.

Thus tael -- mu becomes tael - tall 81 as required
.



Cort Let G be an abelian group .

For every AEG.
Let ee G be an element of maximal order . } la, ⇐ le ,

Then for every AEG ,

tall let
PI Assume that there is a e- G such that talk let
The Fundamental Thue of Arith implies that there is a prime p
such that

yah prue let -- psh
Cp , en) =L (p , n) =L

By TL7.953)
,
I am I =p
' left = n Note that Cpr. n)- i

By the proposition (Texer 33) . I awe
's't =p' n s psn = let ;

that contradicts the ueaxiueality
of Kel

.


